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An expression for the Hamiltonian H (g1, g2, p3) of a vibrating-rotating triatomic molecule is
derived using three curvilinear coordinates g1, g2, o3 in such a way that the Hamiltonian obtained
is applicable to any bent triatomic molecule and allows for large displacements in all the three
modes of motion. A variational technique is then used to calculate the low lying vibrational

energy levels (v1, v2, v3) of the HoO molecule in its X1A; ground state. The kinetic energy of the
Hamiltonian 7' (g1, g2, 03) takes into account the large amplitude character of the three modes
together with their interaction. But in order to minimize the formidable amount of computation,
a simple quadratic potential V (01, 02, 03) is assumed for all the three modes which only serves

to illustrate the method of calculation.

1. Introduction

Large amplitude motions in polyatomic mole-
cules!, particularly the bending motion in a tri-
atomic molecule 2, has been of considerable interest
in recent years. Brand and Rao? have obtained the
Hamiltonian of a triatomic molecule allowing for
two large amplitude stretching motions correspon-
ing to the vibrations »; and »3. The present paper
is a sequel to and a generalization of their work and
treats all the three modes of a triatomic molecule
as large amplitude motions. The HyO molecule is
considered for illustration.

The notation of the present paper is similar to
that used in 3. Even though both the papers have
many features in common, merely for the sake of
completeness and continuity, we repeat the relevant
formulae of the previous work3.

Figure 1 illustrates the reference configuration of
a bent triatomic molecule in the molecule-fixed
coordinate system. Since we are now treating the
complete motion of the molecule, there are neither
small displacements dy; nor constraints on them.
We describe the three modes of motion of the mole-
cule by the coordinates p1, p2 and p3 where p; and
p3, the coordinates representing the stretching
motions, are defined by 3.

201=r1+r2,

and 2p3=r;—r2. (1)

r1 and 72 are the instantaneous values of the bond
lengths of the reference configuration. The bending
angle is = — p2 where > is the supplement of the
reference angle. The quantities aq; (01, 02, 03) de-
noting the reference positions 1, 2, 3 (see Fig. 1) are
same as given in 3 but are now rewritten as:
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Fig. 1. The molecule-fixed coordinate system (xyz) with
origin Oy and the reference configuration (1,2, 3) defined
by the position vectors aq; (0s), (2 = 1, 2, 3).

Az, = QAg, zazsz(),

M ay, = [(m2 + m3)sin (02 — &) — masine] 01

+ [(mg2 + m3) sin (02 — &) + mgsine] o3,
May, = — [mysin(g2 — &) + masine] o1

— [mysin (g2 — €) — mgsine] p3,
May,= — [mysin(pz — &) — (m1 + mg) sine] g1

— [mysin (o2 — &) + (m1 + mz)sine] o3,
Ma,, = — [(mg + m3) cos(pz — €) + mzcos €] p1

— [(mg + mg) cos (o2 — &) — mgcos €] o3,
M a;, = [m cos (o2 — &) — m3cos g] 01

-+ [mycos(p2 — €) + mzcose] o3, (2)
M a,, = [mqcos (o2 — €) + (m1 + ms) cos €] 01

+ [m1 c0s (2 — &) — (my -+ m2) cos €] gs.

The above expressions together with the constraint
conditions3

eapy 2 miapi(0s) (2ayi/O0s) =0 (s=1,2,3)  (3)
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give the following partial derivatives for ¢ (see Fig. 1)
e ( 2M13 03 sin Qz)
gy =—— ————— |,

001 - M2,
O¢ 1 2Mip0103
2= e 2 T ML, &
and
Oe 2M13 leingg
Ty
where
M Iy = (M1 + 2 Myzcospz + M3) 012 (5)
+ 2(M1 — M3) 0103 + (M1 — 2 Mg cos g2 + M3) 032
and
My =my(ma+mg) M, M= mg(ms+me)M,
Mis=mimgM, M=mq-+ mes-+ms. (6)

€1, €2 and eg satisfy the relations
€101+ e303=10 (7)
and
(2 My3sing2) e2 = (01 + 03) [M1(e3 — &1)
+ Mizcospz(e3 + e1)]. (8)

The expression for the angle ¢ is obtained as

£(o1, 02, 03) = % (02 — 02%) 9)
L iU
l/(u1 + ug)2 — 4uya?

—2uj3
tan1- “/ul + h tan (02/2)

uy + uz + 2uig

where the constant of integration, unlike in 2 3 is
determined in such a way that ¢ = 0 when g; = g
(¢ = 1,2, 3). This is because we intend to use a
simple quadratic potential even for p2. g:¢ is the
equilibrium value g;. %1, ug and w13 are given by
ur= Mi(o1+ 03)%/ M, wus= Ms(o1— 03)%/M
u13 = Mi3(012 — 03%)/M . (10)
The expression (9) for ¢ (o1, p2, 03) obtained from
&2 of (4) is not completely compatible with &; and &3
unless it is supplemented by the relations (7) and

(8). Thus for the sake of consistency, we obtain all
the needed partial derivatives of (12) from (9).

and

2. The Hamiltonian
Corresponding to the volume element

dr = dp1do2dossinfdfdedy , (11)
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the classical kinetic energy expression
2T = Ipwqwp (., f=12,9,2;1,2,3) (12A)
takes the quantum-mechanical operator form
27 = uVA Iy popp= V2 I gt/ . (12B)

In the above, we note absence of terms involving
vibrational co-ordinates @y, ‘‘vibrational angular
momenta’’ 7y and the Coriolis coupling constants
{%. This is the result of treating all three modes
of motion as large amplitude motions.

The Hamiltonian representing the pure vibra-
tional levels (J = 0) is given by

—je2 o2 2
H s ] -
(01,02, 03) = th [#rr d0,2 "f‘s(z;l)lrs d0y 005
Oprs 0 [ 0 }
1/4 - 1/4
+SZ 005 aQr Oor S Oor
1 0 ou
— ,1/4 —5/4 17
T 8(;') Cor {/m,u aQsH
+ Vo1, 02,08) - (12)

In the above, summation over r is assumed. The
fourth and fifth terms of the above expression
within the brackets, when expanded, take the form

1 o Ourr Ou 5 o \2
4 Oor Op —16‘u e Oor
1 %y
+ I/"_llu" a@rz
and
1 u 1 a,u Optrs
Z;u 12/""5 A A =+ Z e A Al
s(=r) C0rCQs s(5n Oor Oos
z du Ou
8(¢f;1'8 a@" CQS ’

The complete set of elements of Iy and Iy (o, f =
x,y,z; s, t=1,2,3), evaluated explicitly from 3

Iocﬁ = €qye€Boe Zmi Ayi Ao (13)
and
Oay; Oag;
I ==
st ;mc Ty
are given by
Iz = [Mi(01+ 03)% + M3(01 — 03)2
+ 2 M13(012 — p32) cos p2]/ M2,
Iyy = [M; 0052(92 — &) (Ql + 93)2
+ Mzcos? e (01 — 03)?
- 2M13COS€COS(QZ —¢) (91 — Q3 /JWz
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I, = [Mysin?(02 — €) (01 + 03)

+ Masin? & (g1 — gs)?

= 2]”13 sinssin(gg = 8) (912 - Q32)]/J[2 5
Iy, = [M1sin2(02 — &) (01 + 03)>

— M3sin2e(o1 — 03)?

+ 2 Mizsin(o2 — 2¢) (012 — 03%)]/2 M2,
I = —1Izz612+ (My1+ Mg+ 2 Migcospg)/ M2,

(14 A)

Inp = — Izz &2+ Mi(01+ 03)%/ M2, (14B)
Isg3 = — I,z 632+ (M1 -+ M3 — 2 Mizcoso2)/ M2,

(14)

(140)
Iio= — Iz e182 + Izz(e1 — €3)[2, (14D)
Ipg= — I zea63 + Ipp(e3— €1)/2, (14E)
I3y = — Iz e3e1 -+ ma(my — m3)/ M . (14F)

1,5, which is now a 6 X 6 matrix, incorporates the
rotations and all the vibrations and has the following
form

Tz O 0 0 0 0
0 Iy I 0 0 0
0 A I 0 0 0
Top — vz 2z .
* =0 0 0 Iy Iz Itz (15)
0 0 0 Itz Iz Is3
0 0 0'; I3 123}f133

The six quantities I (s, = 1, 2, 3) being functions
of p1. p2, 03 are not independent and there exist
three relations among them. These relations are
obtained in Appendix A.

The three dimensional Schrédinger’s equation
[T (01, 02, 03) + V(e1, 02, 03)] po1, 02, 03)
= Ey,v,0,9(01,02,03) (16)

corresponding to the Hamiltonian (12) takes the
form

o o o o
A-¥  g¥ L o T¥ v
6912 8922 6932 691 agz
%y %y op
7Y op ¥ (17
+ 502 %03 + 2 303 %61 +2P Bon (17)
L0 or® LV _Bp—o
a92+ a93+( +V—E)yp=0.

The geometrical nature of this equation which turns
out to be elliptic4 analogous to the two dimensional
case3 is discussed in Appendix B.
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For small amplitude vibrations, I is a constant
matrix. For a non-linear symmetric triatomic mole-
cule like HyO (my=mg, r1¢=rgf), we have ¢ =0,
I13=0 and Iy3¢=0. Choosing the symmetry co-
ordinates as?®

S1=)2(01—01), Se=(02—02), (18)
and -
S3= /203,
we see that the above Hamiltonian reduces to
H(S1, 82, 83) = § (G Si2 + (Gihe $18  (19)

+ 1G22 8o? + 3 G5t Sg® + V(81,83 83) .

The notation in the above is standard>5.

3. Computational Details

A variational method similar to that used pre-
viously 3.6 was employed here to obtain the low
lying vibrational energy levels of HsO molecule.
The matrix elements of the Hamiltonian are ob-
tained by numerical integration and the resulting
matrix is diagonalized. There is a factorization of
the final matrix into two blocks because of the
vanishing matrix elements between |v; va05"*") and
| v1 w2 03999 basis functions. For computational con-
venience, the Hamiltonian (12) is transformed into
dimensionless coordinates g; given by

gi = (p® L)% (0i — 0¢) (1=1,2,3) (20)

where y;0 =4 n2cy;0/h (ergs—1sec=2) are the scal-
ing factors and the “reduced masses” I;; are
functions of g1, 02, 03.

Strictly speaking, the potential for the bending
mode should be taken as a double minimum poten-
tial and that is what the large amplitude problem in
triatomic molecules is mostly about2. But since our
aim here is merely to illustrate the method of
calculation for the complete problem and conse-
quently to reduce the formidable amount of compu-
tation, we assume a simple quadratic form of the
potential for all the three modes. Thus

V{01, 02,03) = % K1(01 — 01°)?
+ 3 Ka(02 — 029)% 4 § K3(03 — 039)%. (21)

In the case of H20, ps¢ = 0. For the basis func-
tions |v1 vow3), We use a “‘triangular selection” with
ny functions in g1, ne functions in g2 and ng func-
tions in g3 and set a maximum value, ¥max, on the
sum of the quantum numbers v; + v2 + v3 = Vmax-
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Since the calculated frequencies are merely for
illustration, we choose a small basis set, take
Ymax = 3 and obtain the lowest four frequencies cor-
responding to »1, 2, 2v2 and v3. Were we to choose
a double minimum potential for the v mode, as we
normally should, the number of basis functions,
particularly for |vs) woudl be very high for a
rigorous calculation with consequent increase in the
amount of computation.

In transforming the partial derivatives of H in
(12), it is necessary to take into account the varia-
tion of Iy (1 =1, 2, 3) with respect to o1, 02, 03.
The resulting Hamiltonian then takes the form

H (01,02, 03) = f1p1® + fap2? + faps® + fap1p2
+ fsp2ps + fe(ip1) + f7(i p2) + fs(ip3) (fo+ V) (22)

in which the f; are functions of g1, p2, 03 and H is
in units of em~1. In the above, we note the absence
of a term p; p3 with coefficient u;3 which turns out
to be exactly zero (see Appendix A). In the two
large-amplitude Hamiltonian3 representing the
stretching motions in »; and vs w3 is small but
non-zero.

We now need to obtain the matrix elements
(w1’ ve' w3’ | H| vy v2v3) of H. The matrix elements of
pi= — 1(0/0¢;) and the products of p; are well
known?®, but those of f; and V must be evaluated
numerically. The latter require the evaluation of
integrals of the form

oo o0 oo

I = {v1' v2' w3 | fi| 01" w2 v3"") = f f f

— 00 —00 — 00

-exp[— (q12 + g2% + ¢3%)] Frdgi1dqadgs. (23)
Fy is given by
Fr= [@v,(q1) oy (92) Poy (93) Po,7 (q1) Poy(g2)
vy (q3)] X fr (01, 02, 03) (24)

where

@y = (2?v! V”)_l/sz(Q) >

and H,(q) is a Hermite polynomial in the dimen-
sionless coordinates ¢. The integrals are evaluated
numerically using the Gauss-Hermite quadrature
formula?

M M M
In=72 2> > WiW;WiFu(ai,a;,ax). (25)

i=1j=1k=1
Thea; (: = 1,2, ..., M) are the M roots of the M-th

degree Hermite equation Hyr(q) = 0 and W; are
the weights?.
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One small point concerns the evaluation of g1, g2,
o3 for each a; in order to calculate f; (01, 02, 03) in
(22). In the relations

a; = (y® L1i)12 (01 — 04%) , (26)

(i=1,2,3;j=1,2,..., M),

since Iy; are functions of g1, g2, p3, the calculation
is not nearly straight forward. We obtain the initial
set of p1, 02, 03 values for a given a; assuming the
values of I;; at 0; = 0s¢ (1 = 1, 2, 3). Then a least-
squares calculation is made to fit each value of a;
and the best set of o1, p2, p3 values is obtained. If
M values of a; are chosen for numerical integration,
then the M x M x M sets of 01, p2, 03 values form
a three-dimensional grid. We then evaluate the
basis functions |vlv2v3> which are functions of ¢;,
g2, q3 as well as the coefficients f; (01, 02, 03) of (22)
at M x M x M grid points to be used in numerical
evaluation of matrix elements.

4. Application to the H,O Molecule

We illustrate the method of calculation for HsO
molecule using a simple quadiatic form for the
potential function. As was already mentioned, we
choose to do so merely to avoid the large amount
of computation one has to undertake if the 2 mode
is correctly represented by a double minimum
potential.

The Hamiltonian matrix {vy've'vs’| H|v1v203)
factors into two symmetry blocks because there
should be no mixing of |v1v2v‘§ve“/°dd> basis func-
tions with |vyv203'¢¥™,. However, as was the
case with the two-dimensional calculation 3, because
of the terms linear in p;, both types of functions
must be employed to compute the energy levels with
either v5¥°" or 2334,

The size of the basis set employed is 20 with
v1 + w2 + w3 = 3. The scaling factors »19, 20 and »3°
are chosen as 3657, 1595 and 3756 cm~1 respectively.
The structural parameters and a simple set of force
constants used in the calculation are given in
Table I. This table also gives the observed fre-
quencies for the lowest four vibrational levels as
well as the frequencies calculated on the basis of
small amplitude (19) and large amplitude (22) Ha-
miltonians. No attempt was made to refine the force
constants. In view of the many limitations involved
in obtaining the final numbers, any discussion of
their significance is not quite meaningful. In spite
of this, the fact that the overtone of »; coming from
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Table 1. Observed and calculated frequencies (in em=1) for the ground electronic 5(1Al state of

H>0 molecule?.

Calculated G (vy, v2, v3)P

(v1,v2,v3)  obs small amplitude

Hamiltonian (19)

large amplitude
Hamiltonian (22)

Force constants¢

0,1, 0)  1594.8 1594.38 1594.47
(0,2 00 31515 3191.51 3182.77
(1, 0, 0)  3656.7 3664.45 3677.86
(0,0, 1) 37558 3756.0 3762.18

K = 15.21513 mdyn/A
K5 =0.64331 mdyn - A /rad?
K3 = 15.52931 mdyn/A

a Geometry is taken as p1¢ = 0.957 A, 02¢ = 75.7°, pg¢ = 0.0A.

b Frequencies are calculated using a simple potential

V =}Ki(o1 — 01?2 + § Ka(02 —02°)% + } K3 032.

¢ Force constants K; are obtained from K; = 10-9 - 4 n2 ¢2 (1;°)2 (I;;)® and are not refined.

the large amplitude Hamiltonian is closer to the
observed value does indicate the trend of the cal-
culation.

5. Conclusions

On the basis of a three-dimensional Schrédinger’s
equation describing the large amplitude motions in
the three modes of a triatomic molecule, we have
calculated the lowest four vibrational frequencies of
H,0 in its X 1A, ground electronic state. Since our
aim here is to present the complete mathematical
formalism and demonstrate the method of calcula-
tion, we have not attempted to obtain the best set
of numbers either for the frequencies or for the
realistic potential field of the molecule. We have
thus used only 20 basis functions with v; +va +vg
<3 to obtain the Hamiltonian matrix and a
6 < 6 x 6 grid for numerical integration to obtain
the matrix elements of f (01, 02, 03).

Two avenues are now open if one intends to use
the Hamiltonian (22) to obtain a good set of num-
bers using a double minimum potential for .
Either one can employ the present method and
expend a large amount of computer time, which
may not be prohibitive, or look for a rigorous straight
forward numerical technique of solving the three-
dimensional Schrédinger’s equation obviating the
necessity of having to evaluate numerically the
matrix elements of a Hamiltonian with a large
basis set.
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Appendix A
In 3, the following relation was obtained
I11 I35 — I132=4mymamg/M . (A1)
In the present work, we notice initially that
iz = I12Isz— I22I13=0. (A2)

We use the following notation for the constants
c1= (MM + M3)|M, co=2DMs3s/M, (A3)
and

Cc3 = ﬂ[} ﬂlz/4 11]132.

Dividing both sides of (14B), (14D) and (14E)
by both sides of (14 F), (note that m; = mg for H0),
we have

csliz (e3 — £1)?

erealoo=Ing| e + —— , (Ad)
SIn< o2 €1 €3
e1e3 12 = Ii3[e1 62 + (3 — €1)/2], (A5)
and
e1e3lo3 = I13[ez e+ (e1— e3)/2].  (A6)
(A5) and (A6) can be rewritten as
e1(eg 1o — Inges + I13/2) = I13¢e3/2, (A7)
and
e1(ezfog — 113/2) = I13ez(e2 — 1/2) .  (A8)
Further, using the notation
x=¢e—1/2,
vy = ([1gx — I23/2), (A9)

o= (I3 — I12/2),
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and dividing (A7) by (A8), we have

(es 12— I132) x = § (es I:3 — I13/2) . (A10)
From this follows
e3= I13(x% — 1/4)/x1 . (All)
Similarly
e1= Ii3(22 — })/xz2. (A12)
From (A11) and (A12), we have
e1e3 = N13%(a? — })%z1 22, (A13)
(e3 — &1)? = hs?(2® — })? (z + })?
X (I23 — I12)?[z12 222, (Al4)
and
e1/es = 1z . (A15)

Substituting for ¢; ¢3 and (e3 — €1)2 from (A13) and
(A14) in (A4), we have

hig? Ba(a2 — 32

(A16)
X1 X
c3l13  (L23 — I12)2 (x + $)2
=Isl@+32 + 5 ————— e
S 02 X1 X2
This may be simplified to
- c3I13 5
I Iis(x — 32 =mae + -5 (las— I12)%.
sin2 g

(A17)

We also have, from (A9),

x

w1we = 22 I12 [o3 — 5 (1192 + I23%) + I12 I23/4,
(A18)

Using (A2) and (A18), (A17) enables us to ob-

tain .

x = cg I13/sin2 0 . (A19)

We further use the following notation
di = (I33 — I11)/c2,
dz = [I13> — (I11 — ¢1) (L33 — ¢1)]/c2?,
d3 = (c1 I12 4 I13 Io3 — I11 I12)/(c2 [12) , (A20)
dy = (2c203 I3 — c2 [12)/(c2 I12) ,
and
ds = [2¢3(I13 112 — I11 I23 + c1 I23)
+ (111 I12 — 13 I23 — c1 I12)]/(c2 L12) -
From expressions (14 A), (14C) and (14 F), we have

(111 — ¢1 — c2cos 02) (I33 — ¢1 + c2c0s8 02) = I132
(A21)
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which leads to
cos2 gz 4 dicosps+da=0. (A22)

Substituting for 1 in (14A) from (14F) and then
using (A 15), we have
I11 = I13¢e1/e3 + ¢1 + c2c0s 02 (A23)
and hence
Iyywo = I1321 + (14 c2cos02) xa.  (A24)

Using (A19) in conjunction with (A9), the above
reduces, upon simplification, to

cos3 g3 -+ dz cos?pg + dgcosp + ds = 0. (A25)
Substituting for cos? g2 in the above from (A422)
twice in succession, we obtain
dods — ds — did
cos 02 = e > L) (A26)

(d12 —dz — did3 + dy)
Now substituting for cos gz in (A 22), we finally have
(ded3 — d5 — d1d»)?

+ di(d2d3 — d5 — dids) (d12 — d2 — d1 d3 + dy)

+da(d12 —ds — dyds + dy)2 = 0. (A27)
The d; which are functions of 01, 02, o3 and the
constants ¢; are given by (A20) and (A3) respec-
tively. Relations (A1), (A2) and (A 27) which should
exist among the six quantities I,5 (r,s = 1,2, 3)
have been verified numerically for various sets of

01, 02, 03 values which form the M x M x M grid
as discussed in the text.

Appendix B

To classify the nature of the differential equation 4

02 o2 o2 o2
a bt + 2d——

aq12

F e oy >+ (2 -
2e — —
092 0g3 Og3 g1 o g1
0 0
2¢ — +2r - —+S+V—-E =0,
+ qaq2+ aqu( + )ﬂ’/’
consider the quadratic form

Q(q1.92,93) = aq1® + bgs®+ cqs3® +
+2dqrq2+2eqaq3+2fq3q1, (B2)
with

Qu= (B3)

o O
o O ~

~ 8
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Let » and ¢ be the number of positive and negative
eigenvalues of @ respectively. Then s = |r—t|
gives the absolute value of the signature of Q. The
differential equation (B1) is characterized as elliptic
if s = 3. In the present case, equation (17) repre-
senting the large-amplitude motions in a triatomic
molecule turns out to be elliptic as was the case
with the two-large amplitude equation3. It is too
cumbersome to show this analytically. So for
illustration, we give below the results for a typical
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set of p1, 02, 03 values even though it is found to
be true for all the sets considered in the text.

For 01 =0.9872 A, p2 = 80.880 and 93 =0.0302 A,
we have

— 1844.68  — 68.81 0.0
Qu=| —6881 —749.98 —210|. (B4)
0.0 — 210 —1867.93]

The eigenvalues of @, are — 1848.99, — 745.67 and
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=3
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